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In this paper we find the formula (7) which generalizes the Ramanujan 
formula (2). ‘? 1990 Academic Press, Inc. 
Ifhn+, denotes the sums 
h n+l n=O, 1,2,..., (1) 
then for -l/2 <x < 1 in [ 1, pp. 74-751, the Ramanujan formula 
,go (2k; ,)* (&)*” +,, ,i”;;;y2*;;+‘xn+1 (2) 
has been proved. In this paper we generalize the Ramanujan formula (2), 
as follows: 
For a fixed nonnegative integer p, we define the numbers 
h’O’ = 1 nil ’ n = 0, 1, 2, . . . . 
ifp=O, and 
hyl,= 
n-t1 hjp 1) 
c- k=, 2k- 1’ 
n = 0, 1) 2, . ..) 
if p 3 1. Evidently, 
hjp) = 1 pao. 
Now we shall prove the following 
(3) 
(4) 
(5) 
THEOREM 1. For each integer p = 0, 1,2, . . . in the set 
{zIRez>-~)n{zIlzl<l} 
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of the complex z-plane, the equation 
holds, where the numbers hjp’ , are determined by (3)-(5). 
Proof. The series in the left-hand side of (7) is convergent for Iz( < 
I1 + z(, i.e., for Re z > -l/2, while the binomial series 
k = 0, 1, 2, . . . . (8) 
are convergent for Izj < 1. Therefore, with the help of (8) we obtain the 
equation 
,il,(2k+‘l)ni, (~ k+‘=~i,(-l).‘fl+lk~o(~~~:lj+~ (;) (9) 
which is valid in the intersection (6). 
Further, we have the identities 
ifp=O, and 
if p> 1, where 
n = 0, 1, 2, . . . . (10) 
n = 0, 1, 2, . ..) (11) 
Ifkj (l-t’)“dt, n = 0, 1, 2, . ..) 
0 
(12) 
and 
for n = 0, 1, 2, . . . if p > 1, where xP + I = 1, respectively. 
The integrals (12) are well known. For example, their values follow from 
the relations 
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I;,“‘= - ) sin2” .Y rl cos 9 
- 0 
if n = 1, 2 . . where Z,$o’ = 1. From (14) we obtain the formula >. 5 
I(O)= 22’Yn!)2 h(O) 
n (2n+ l)! “+I’ 
n = 0, 1 ) 2, . ..) 
(14) 
(15) 
keeping in mind (3) which yields the values of the sums (10). (The formula 
(15) also follows from the substitution t2 = x in (12) and the values of the 
beta function obtained.) 
Further, we interchange the integration order in the integrals (13) in the 
following way: 
{ t < x, d x, + , , 0 d t d x, + , f, .j = 1, 2, . ..I p, (16) 
where xP+ , = 1. Thus, from (13) and (16), we obtain the formula 
(1 - ,*), log” t dt (17) 
for n = 0, 1, 2, . . . and pbl. In particular, for n=O from (17) and (13) it 
follows that 
I~‘=~j’logPtdt=l, pal. 
p! 0 
(18) 
In particular, for p = 1, the formulas ( 11) ( 13), and ( 17) have been 
obtained in [ 1, p. 741. Another representation of the values of the integrals 
(17) for p= 1 has been found in [I, p. 751. 
Now, we shall give a new method for an identical representation of the 
values of the integrals (17) for any integer p 3 1. Differentiating, we find 
that the integrals 
(-1)” ’ 
- (l-t2)“d(tlogPt)=/~‘-I:-“, 1 p! 0 
n = 0, 1, 2, . . . . p 3 1, (19) 
keeping in mind (17), (12), and (15). On the other hand, integrating by 
parts, we find that some integrals 
(-1)” ’ 
- s p! 0 
(1 -t2)nd(tlogPt)= -2nl~‘+h~~), (20) 
GENERALIZATION OF THE RAMANUJAN FORMULA 25 
for n = 1,2, . . . and p > 1, keeping in mind (17) and taking into account that 
lim tlogPf=(-l)P lim - wx&) , 
t--r +o Z[-fee x 
according to the 1’Hospitale rule, used p times. Thus, from (19) and (20) 
we obtain the relations 
1 
I(P) =- I’PP”+ 
2n 
n 2n+l n 
I(P) 
2n+l ‘--l (21) 
for n= 1,2, . . . and p > 1, having in mind (15) and (18). Now, we shall use 
an induction with respect o p. For p = 1 from (21) and (15) we obtain the 
relations 
z(1) = 22”(n!)2 2n 
’ 
I(l) 
(2n+ l)! (2n+l)+2n+ 1 n-1 
for n = 1, 2, . . . . From (22) it follows that 
J(1) = 22”W)2 
’ (2n+l)! 
/if:, = ryz~f 1 
(22) 
(23) 
for n = 0, 1, 2, . . . . taking into account (3)-(5) (15), and (18). Let us note 
that the formula (23) has been found in [ 1, p. 751 but in a different way. 
Further, if we assume that the formula 
(24) 
is true for any positive integer p > 1 and n = 0, 1,2, . . . . then from (21) and 
(24) we obtain the relations 
Icp+l)= 22”(n!)2 . hL% 2n 
n (2n+l)! 2n+l+2n+lz”‘) 
for n = 1, 2, . . . . From (25) it follows that 
I(p+l)= 22”(n!)2 
n ~~++l”=~‘O’~jp++,u (2n+l)! ’ 
(25) 
(26) 
for n = 0, 1,2, . . . . taking into account (3)-(5) (15), and (18). From the 
comparison of (24) and (26) it follows that the formula (24) is true for an 
arbitrary positive integer p z 1 and n = 0, 1, 2, . . . . which yields the values of 
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the integrals (17) and the sums (11). Therefore, from (9) (lo), and (15) for 
p = 0, and from (9) (11) and (24) for p = I .2, . . . . we obtain the equation (7). 
This completes the proof of Theorem I. 
In particular, for p = 1 our formula (7) is reduced to the Ramanujan 
formula (2) since A::, = h,,, , according to the comparison of (3)-(4) for 
p= 1 and (1). 
Remark 1. The formula (15) can be obtained from (10) which can be 
written as 
z’o)= i (-n>k (vJ)!i 
?1 
kc{, (W), k! 
lk=P( +; I) 
r(3/2) r(n + 1) 2*“(n!)* 
=r(3/2+n)r(l)=(2n+ l)!’ 
n = 0, 1) 2, . ..) 
where F is the Gauss hypergeometric function, r is the gamma function, 
and (A), for any number A denotes the product 
(i)k=jl(A+ l)...(%+k- I), k = 1, 2, . . . . (A),= 1. 
- --- 
Remark 2. The relations (14) and (21) can be obtained with the help 
of (lOt(l1) as 
(2k+ l)n-(n-k) 
In particular, for p = 0, a more different procedure for obtaining the 
relations (14) can be found in [2, p. 29, Problem 43. 
Finally, we shall give two explicit representations of the numbers hy’ , . 
THEOREM 2. The numbers hjp’ , , determined by (15) and (24), have the 
explicit representation 
hy’,= 
(2nt l)! n 
c 
(-l)k n 
0 2*“(n!)* k=O (2k+ l)p+’ k 
(27) 
for n=O, 1, 2, . . . andp=O, 1, 2, . . . . 
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Proof. This follows from (15) and (10) for p = 0, and from (24) and 
(11) for p= 1,2, . . . . 
The formula (27) is very convenient for calculating the first few numbers 
A:‘, with respect to n. Indeed, for n = 0 from (27) we again obtain the 
values (5). For n = 1,2, 3, . . . from (27) it follows that 
... . 
The following result reveals the combinatorial character of the 
numbers hp’ , . 
THEOREM 3. The numbers h!/” 1, determined by the recurrence relations 
(3)-(4), have the explicit representation 
(28) 
for each fixed nonnegative integer p = 0, 1,2, . . . and for each nonnegative 
integer n = 0, 1, 2, . . . . where the sum is taken over all nonnegative integers 
VI, v2, ..., v,, I satisfying 
v,+v,+ .‘. +v,+,=p. (29) 
Proof For p = 1 (and p = 0), the formula (28)-(29) is true according to 
(3)-(4). If we set 
1 
Xk=2k> k = 1, 2, . . . . n + 1, n 2 0, 
and we assume that the formula (28)-(29) is true for any positive integer 
p 2 1 and n = 0, 1, 2, . . . . then from (3k(4) and (28)-(30) it follows that 
n+l 
hy’I”= c x,hy’, n=O, 1,2 ,..., (31) 
k=l 
where 
hjp’ = c xl;?. . .x$‘, lbkdn+l, (32) 
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where the sum is taken over all nonnegative integers VI”‘, . . . . vi”’ satisfying 
,,;A) + + y:“’ = p, ldk<HSI. (33) 
Thus, from (31)(33) we obtain the formula 
/$‘P+“- 
n+l -Cx;‘I-x:$, n=o, 1,2, . ..) 
where the sum is taken over all nonnegative integers vI, . . . . I’, + , satisfying 
v, + ‘.’ +v,+, =p+ 1. 
This completes the proof of Theorem 3. 
The sum in the right-hand side of (28) keeping in mind the notation of 
(30), is a homogeneous ymmetric function of degree p in x,, . . . . x,, , . 
Therefore, this sum can be expressed as a sum of monomial symmetric 
functions in x,, . . . . x,+ , , which can be expressed in terms of the sums 
of like powers of xl, . . . . x,~+, . This procedure is very convenient for 
calculating the first few numbers h?‘, with respect to p. For instance if 
p = 2 (the cases p = 0 and p = 1 immediately reduce (28)( 30) to (3) and 
(1) where II,+, -he’s,, respectively), then from (28)-(30) it follows that 
/$‘2’ - 
H + 1 4 
“~+‘)X:+Co1+‘)X,X2, n = 1, 2, . ..) (34) 
where the first and the second sums are taken over all combinations 
without permutation of x,, . . . . x,,+ , of orders 1 and 2, respectively. Hence, 
from (34) and (30) we obtain the formula 
(35) 
for n-1,2,..., which, according to (28)(29), is valid for n = 0 as well. 
Further, for instance if p = 3, then from (28)-(30) it follows that 
h’3’ = 
,I+ I c 
'n + ' ' x: + c 0'+')X:X2+~("+')X,X2X3, n = 2, 3, . . . . (36) 
where the first and the third sums are taken over all combinations without 
permutation of x1, . . . . x, + , of orders 1 and 3, respectively, while the second 
sum is taken over all variations, combinations with permutation, of 
x,, . . . . x,+ , of order 2. Since 
n+ I nt I ,I+ I 
c 
'n+')x:X2= 1 xi. 1 xk- c xi 
k=l k=l k=l 
(37) 
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for n = 1, 2, . . . and 
61 (n+ I) x,x2x3 = (38) 
for n = 2, 3, . . . . from (36t(38) and (30) we obtain the formula 
(39) 
for n = 2, 3, . . . . which, according to (28)-(29), is valid for n = 0 and n = 1 as 
well. Analogues to the formulas (35) and (39) can be obtained for 
p = 4, 5, . . . as well. 
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